The Effect of New Links on Google PageRank by Litvak, Nelly & Avrachenkov, Konstantin
HAL Id: inria-00070742
https://hal.inria.fr/inria-00070742
Submitted on 19 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
The Effect of New Links on Google PageRank
Nelly Litvak, Konstantin Avrachenkov
To cite this version:
Nelly Litvak, Konstantin Avrachenkov. The Effect of New Links on Google PageRank. [Research









   



















ap por t  
de  r ech er ch e 
Thème COM
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
The Effect of New Links on Google PageRank
Konstantin Avrachenkov — Nelly Litvak
N° 5256
July 2004
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65
 	












Qy{nv\ sr[Gi srilstG]-sj{i`¤	]T§½monp\\ q[r[sj~gKu}rKnprKjlX[]n}jlX]y XUu}rKs yly{] ]ª6uvrpj`s r[Gi7]ruvs ¾]-jlX[]
¤¦]§·uvv]:iuvrjlX[]Tsy¤¦]§¸mnv\\ q[rs«j{s]:i¨





ú ôQáIå@ôüûýäTÎ²àÈÞßÊûIÚÌ;ÞÕà}Î²ÔÕÞÕÐlþð²ñ²ñw÷þ,å@Î²ËTÌÍÉÿÜÉ~Ð DË×~ÞÕÎ²ÔÕÉkÐkþFö ë[ö²ø:þ ñ²ì²ñ²ð:þ ò6ÏÍÊwÚ:×kÉ²þ ÉÓîÊwÞÕÔ	

ö û:Ï;Êw×ÙÈÉ~ÚØ²ÎFÐ;Î²àÈÞßÊ:ö ÞÕÚÏOÞßÊ:ö Ò Ï
 ùIÚ:Þ oÉkÏOÐÍÞ ÌüÖ£ÎwÒ1ÇhÛ8É~ÚoÌÍÉ²þDõFÉ~àDözûIààÔtöÊ{ÌÍÈDöÕþvò}Êw×~ËÔ ÌüÖÎwÒ1ó7ó@ä}þvë[ö â¥ö1Îð:íTþwï²ñ²ñ>ûFó·óUÚÐ;×ÙÈÉ~ÜÉ²þpÇ@È:É
áIÉÓÌÍÈ:ÉkÏOÔßÊwÚÜÐkþ}ÉÓîÊwÞÕÔ	[áö  DÞ ÌwÊwØÊ{Ì;ÈDö Ë:ÌüÛ8É~ÚoÌÍÉ²ö ÚÔ
 ~S	)
	 o  &('S) %+ )`- ! $ % &o
    x3u}p]Tuvr[®]:i~j3 q[r^G]TiI[y{srUmos u}qG´mylsjlZTyl]:iIil] nvr ]Ti{©Dq[]ti3¢£nDnpv ]MnvywGnpr[r[] ]TiIuvv]Ti
¤¦]§@¨3x3uvv]T>u}r[^U]TqGjojly{]s rDjl]y{[yoj®monp\\^]® uQy:©pq]rm]®G]:iªhstiksjl]:i q[r[]£u}p]¤¦]§°uvy¥qr







% Ä : Â '&  ° ¢£nhnvp]p»Dx3u}p]Tuvr[1»D>u}r[a®r[]£µ1[u6j{]v»[eDj{y{u}jps]®nvGj{s\$uv]c oj{uv§[ s i{ik]T\]rDjG]
 s ]riT»U_¥Xu)(ür[]:iG] b¸u}y{vn6ª
 	
 !"#$ %'&(*)+%,.-	+/ 0





WYXhqiT»M s ikjls r[³jlX[]T\ sr u³ylnpU]Ty`npy{G]Ty stiu	mylqms uvuvr rnvr6Íjly{sªhstu}j{uvil1¨ WYX[]ºnvy{spsruvstG]Tu
nvY¢£nhnvp]`[y{]Til]rDjl]:³s r 87'7:9°§hg<;yls r	]ju}>= 0"?Ms i®j{nº sti~juvv]Ticupmmonpy{[sr[-jlnjlX[]Tsyx3uvv]T>u}r[
¡Xs mwX·y{]o­]:m²j{iUnp[q[tu}y{s«j~gn}Muu}p]v¨WYX[] x3u}p]Tuvr[°sti>G]¶r[]T·s rºjlX[]Qnv n6¡s r[$¡Yugv¨A@®]rn}jl]
§hgCB jlX[]-jln}jwu}¥rDq\ §7]y nvu}p]TinprKjlX[]¤	]T§½u}r[]o¶r[]°jlX[]DBFEGBXDgh7]y{s r[¦\$u6jly{s´CH#uvi










§7]LOru v:w:p²¨°WYX[]-¢£nhnpv ]`\$u6j{yls´ bHs i i~j{nhmwXUuvikjlstm}»@uvU]Tyls nGGs mv»Iuvr¦sy{yl]:Gqms§[ ]v»IiknºjlX]y{]$]o´Gs ikj{iu
qr[s ©Dq[]y{n6¡Sªp]Tm²j{nvy>xKikqmwXjlXUu6j
x bHyWdxzm{xzY WyY:m o;'p







:G»7v}»7:h»7 0/?zo;ik]T]®uv iln u}r$]´hjl]rUiks ªv]£ikq[y{ªv]Tg uvU]Ty¥§hg$Æ@uvr[vªhs  ]>uvr-b·]Tgv]y	= 7/?pXuªv]>yl]:mo]rDj{g
§7]]Tr¸[qGj®Qnvy{¡uvy{-jln-upmm] ]ywu6jl]cj{X[] x3u}p]Tuvr[mnv\[qGjwu6j{snpr¯¨WYX[s i>yl]:ik]:u}ywmwXº[sy{]Tmojls nvrmuvr¸§U]
y{]Du}ywG]T¦uvi`uilghikjl]T\UnpsrDj nvªDs ]¡¨	a®r mnvrDjlywu}y{gv»FX[]Tyl]°¡]$jwu}v]u¸qil]y 7nvs rDj n}ªhs ]¡ u}rU
j{ylg^j{n^uvrik¡]yjlX[]£Qnp n6¡sr ©Dq[]Tikjls nvri 3¤X[]rºGn^r[]¡S s r[Gi§7]r[]¶[jYjlX[]£¤¦]§ºu}p]Qy{nv\ ¡X[stmwX













  K  -) 	^F  )º)%
)  
  F &½²I 'S)%+,) 
WYX]Yx3uvv]T>u}r[G]¶r[]:`s r o;'p3m]:u}y{g[]7]r[iMnvr^§UnvjlX^srmnv\s r[u}r`nvqGj{vnpsr[£ sr[Giznv7u£uvv]v¨
WYXhqiT»6j{X[]]Tupiks ]Tikjz¡ugcQnpyMucu}p]j{nmwXu}r[p]¥sj{iMy{uvr[hsr[cstiFjln\nGGsQgjlX]nvqGj{vnvs r[£s r[GiT¨;] n6¡
¡]°ilXu} ilX[n6¡ j{Xu6j jlX[]-x3uvv]T>u}r[³mTu}rK§7]°¡ylsjkj{]r upiu·[y{nh[qm²j nvYjlX[y{]]j{]y{\i¡X[]y{]$nvr[ g
npr[]$j{]y{\[]7]r[i^npr nvqGj{vnpsr[¸ s r[Gi¨C3Ùj`¡s Yu}  n6¡ qUij{n³]Tikjls \$u6j{]°jln	¡Xu6j^]o´hjl]Tr u³u}p]
mTu}rºmonvrDj{ylnpsj{ix3u}p]Tuvr[1¨FWIn j{X[sti¥]Tr8»G¡]>¶Uy{ikjy{]TmTu} j{X[]£Qnv n6¡s r[`qik]Qq[1]o´G[y{]Ti{iks nvr°QnvyjlX[]
x3uvv]T>u}r[J=ÕG»r7»¯ 0\? 
x<W YiCcB Y  !iRcH\u o 0:p
Æ@]oj8SVUG]Tr[n}j{]u}rCg I ml]jM] ]\]TrpjnvIj{X[]\$u6jly{s´ W  !iRcH ! ¨ >u}\]Tgp»G¡¥]cXuªp] S_U	W#" S  !iRcH ! "U'm I ml] WNY:mu u(u mhBzm oQ,p
¡X]y{]"	$sti¥jlX[]qK,6ÍjlXºmonv q[\r-nv¯jlX]£stG]Trpj{s«j~g$\$u}jly{s«´%7¨ n6¡»GG]o¶Ur[]£u^Gstilmyl]jl]6;j{s\]cu}§ilnvy{§[s r[
bu}y{vn6ª`mwXUu}s r'&)(*m,+zWdOmY'm uu u.-®¡sjlX-jlX[]cikj{u6j{]®iluvm]/&8OmYau uu m.B0-p»h¡X[]y{]j{y{uvrils«j{snpriM§7]oj~¡]]Tr
j{X[]i~jwu6j{]TiY'm uuumhB³uvyl]£monvrUGqm²j{]T§hgjlX[]c\$u6j{yls´4cH»Gu}r-jlX]cikj{u}jl] O stiYu}§ilnvy{§[s r[¨3Æ¯]j21 S §U]
j{X[]rhq[\ §7]ynvFªhstiksj{ij{n$i~jwu6jl]] WyY:muu umhB¦§7]oQnvy{]u}§ilnvy{Gj{snpr¯¨F¹nvy{\$u} gp»
1*UW435*76!8:9<;>=@? 6 UBA m ] WNY:muu umhBzm
¡X]y{] 9C;ED A G]r[nvjl]:i8jlX]s rGstmu6j{nvy8Qqrm²j{snpr¯¨3ÙjFs i@]Tupikg®jln>il]]MjlXu}j@jlX]ª6u} q[] S_U s i¯jlX[]monvrUGs«j{snpru}]´GU]:m²j{u}jls nvr¦n}F1 U vs ªv]r³jlXu}jjlX[]$s r[sjlstu}Mikj{u}jl]$sti I{¨$Æ@]ojG S_U §U]j{X[]$[y{nv§uv§[s sj~g·jln·yl]:uvmwX	jlX[]
ikj{u}jl]]°§U]Qnvy{]cuv§ilnvy{Gjls nvrºs«FjlX]srs«j{s uv@i~jwu6j{]s i>Iw¨µ®iks r[jlX]i~j{ylnpr[°b¸u}y{vn6ª$[y{nv7]ylj~gv»G¡]muvr
rn6¡*]Tikj{uv§[ s ilX-j{X[]cQnv  n6¡sr[G]:monv\7npils«j{snpry{]Tilq[jT¨H  ÄJIMÄ )KüK ÄMLON   )$+%,.-	+/rLQP+ %:IW`Y'm uuumhBf %"R/TSEU
x}SW YiRcB 8S(SVWXzYAeZY5 [\^][,_\a` G U.Sbdce m IWNY:muu umhBzu o;'p
H  Ä¯ÄJf  3ÙjQnp n6¡i¥Qylnp\ ot0:pjlXu}j
x S W YiRcB Y  !iRcH!E" S W YiRcB Y5U 6   U.S u oO:p
¹q[yljlX[]TyT»¯¡]Xuªv]hg g1 S W Oji (8 Wy]j$W YikG U.S »@uvr	qiks r[ºjlX]ikjly{nvr·b¸uvylpn6ª·[ylnpU]Tykj~gp»8¡¥]
mTu}rº¡ylsjl]£Qnpyu}rhgDKl Yg g1!SW Kmi ( 8 WX]j W g g1!SW K m,1!S0l Yni ( 8 W]j
W g g1 S l Y^i (%8W]rjg g1 S W Ki (%8W]'m>1 S l Y"jWoG U.S g g1 S W Ki (%8W I.ju
ôQáFå¯ôüû
 	
 !"#$ %'&(*)+%,.-	+/ 
_¥npril]T©Dq[]rDj{gp»hQnvyu}rhgnI ml] WyY:muu um.B IWX]U»[¡]cXuªv] U.S Wzg1 S i (%8W]jW#G U.S g 1 S i (8WdIjW#G U.S  S S u
eGq[§ikjlsjlqGj{sr[j{X[]tuvikjY]:©Dqu6j{snprs r oO:p¡]cs\\]T[s u}jl] g-np§Gj{uvsrRo;:p²¨ 
WYX[]G]:monp\^7npilsjls nvrQnvy{\ q[tuDoÍ'p¥y{][y{]Til]rDj{ijlX]xFuvv]:u}r[nvIuvv] IMuviu`[y{nh[qm²jn}IjlX[y{]]
\`q[jls [s ]ywi¡X[]Tyl]ºnvr[ gKjlX]·jl]y{\  S S []7]r[i°nvr j{X[]¸nvq[jlvnpsr³ sr[Ginv®uvv]|I{¨f5]Trmo]p»§hg
mwXUu}r[psr[^j{X[]nvq[jlvnpsr$s r[Gi»7uu}p]muvr·mnvrDjly{nv@s«jwi>x3u}p]Tuvr[°q[·j{n-u\ q[jls [ ]Oupm²jlnpy S(S W
Y/[ g.Y$iTG S S j$s  Y'm ghY$iXc'j  Ù»8¡X[]y{]G S(S s  Ormc 3s icu-[ylnp§u}§s s«j~gjlnºy{]ojlqylr§Uuvmwjln|IYikj{uvykj{sr
Qy{nv\ I{¨>n}j{]`j{Xu6jj{X[]$q[[7]y §Unpq[r ghYiFc"j  oOu}[yln´Gs \$u6jl]Tg<0¨ Qnpyqc W u v:w:p>stiXuvy{	nvy
ywu6j{X[]yrn}jUnDilils §[]cj{n°uvmwX[s ]ªp]®§7]TmTu}qil]s rj{X[stimupik]u^u}p] I7nvs rpjwiYjlnuvv]:ijlXu}j>u}y{]£ s r[hsr[
npr[ g$jln Iw¨ehqmwX·uUnpstmog-\uvv]:i>Iu}rsj{ir[]TspXh§Unpy{istiknp u}jl]T-Qy{nv\ j{X[]yl]:i~jnvIj{X[]¤	]T§¯¨










-  )I( *!#$% &ÿ'S) %+ )`-
Æ@]oj3qiFmonvrUikstG]y3u¤¦]§`u}p]¡sjlX K 8 nvtXhghU]Tyl srhiFu}rUK  r[]T¡gmyl]:u6j{]TcXhghU]Tyl srhiT¨@¤sjlXnvqGj npi{i3n}1v]Tr[]ywu} sj~gv»6¡]Yupililq[\]jlXu}jMjlX]u}p]¡sjlXr[]T¡  s r[GizXuvi3s rG]´u}rU j{X[]uvv]TiFj{n6¡uvy{i
¡Xs mwX·r[]T¡* sr[Giuvyl]c7nvs rDjl]TºXuªp]csr[s m]TiYQy{nv\ `j{nLK  e Yp¨MWYX[]r¯»[jlX[] up[Gsjls nvrºn}3r[]¡¼ sr[GimTu}rº§U]y{]Du}ywG]TuviYnpr[]cy{uvr[$q[1[u6j{]n}FjlX[]XhghU]Tyl s r[°\$u6j{yls´
bHNW Hfek"   m ol~"p
¡sjlX   W K K  YK  $
] 5
S 6  " S i|Q   m







  ÀhÄ  À  N zK   &_ ! +"}+"t %	B P+ %:S. +	
'aD  At  & nT !h*})$+%,.-	+/r/
 	!+		%'R\TS Unt A/&&("z,% P'+"t % &(+:
bx  W x Yi $ ]$ YAe$ ] $ ]  S 6  8S  i  > o 9:p
bxrUWdxU eXx  $
]$  $ ] $ ]  S 6   S_U$i   U 
Yi $ ]$ YAe $ ]  $ ] S 6  8S  i  ,  m ]Wm uu umhBzu o 7:pH  Ä¯ÄJf  >[[ ghsr[j{X[] ehX[]Tyl\$uvr6Ób¸nvy{ylstiknpr6Ù¤	nhnGG§[q[y{g^q[7u6jls r[Qnpyl\`q[ u|= /?¯j{n  qi c bH ! »[¡¥]
mTu}rº¡ylsjl]   iCc bH ! W   iCcH  eXc  !iRcH ! "      iCcH YiCc    !iRcH ! "  u
WYX]r¯»[yl]T\ q[jls [ gDs r[^jlX]u}§7n6ªv]£]T©Dqu6j{snpr§hg  Y Y u}rºqilsr ot0:po»G¡¥]p]oj
bx<W xLex  c    qiRcH !YiRc    !iRcH ! "  m
uvrºmonvrUik]:©pq]rDjl gv»
bx  Wdx  YYiCc    qiRcH ! "  m okT:p
bxrUWdxU eXx  c    !iRcH ! " UYiRc    qiRcH ! "  m ]Wrmu u(u mhBzu okv8p
¤¦]]ª6uvqu}jl]cr[]´Djc     iCcH ! "U®Qnvy ] WyY:mu u(u mhBz»
c  F qiCcH " U W c  @" U W c K K  YK  $
]  5
S 6  " S i|Qj " U W K K  cK  $
]  5
S 6  " S 2" U iRcQj " U 
eGsrm] cH`W  i 7»8¡¥]^Xuªp]!cQ    W   iT"  »8¡X[]Tyl]  sti>j{X[]º6Ói~j£yln6¡nv\$u6jly{s´ »8u}rUX]rm] chQ   "UWo  Ui "   "Uv¨MWYXhqiT»G¡]v]oj
c     iCcH  "UW K K  cK  $
]  5
S 6  8SVU$i g  Ui "   "U"j  u
eGq[§ikjlsjlqGj{sr[·j{X[]°u}§7n6ªv]`]o´G[y{]Ti{iks nvr³Qnvyqc    nicH ! "U'ml]<W Y'm u(u u mhBz»¯s rDjln o~::p£u}r o~p8po»¯¡¥]np§Gj{uvsrRo 9,pYu}rCo 7,p²¨ 
WYX[]$y{]Tilq[j{ics rWYX[]npyl]T\ $u}y{]^s rKs r[]$¡sjlX¦Qnvy{\ q uRo;:p²¨n3ÙYu}p]·$q[7u6jl]:ics«jwinvq[jlvnpsr
 s r[Gij{X[]r¦sr³jlX[]G]:monv\7npils«j{snpr¸Qnvy{\ q u°Qnvyx  nvr[ gºjlX[]il]Tmonpr\`q[jls [s ]yc¡s 3§7]^u}±7]:m²j{]T8¨
ôQáFå¯ôüû
 	
 !"#$ %'&(*)+%,.-	+/ ~
3Órj{X[]r[]T¡iksjlqu}jls nvr¯»pjlX][y{nv§uv§[s sj~g bG > j{ny{]ojlqylr^jln u}p]>i~jwu}yljls r[cQy{nv\ jlX[stiMuvv]p»vstiMvs ªv]Tr§hg
bG > W K!i K K G , e cK $
]  5
S 6  G S  u
eGq[§ikjlsjlqGj{sr[j{X[sti]o´G[y{]Ti{iks nvrsr
bx  W b > > x  W Yi G >Yi bG > x  m
¡]>p]oj¥jlX[]£q[1[u6j{sr[`Qnvy{\ q uLot9:po¨ n}j{]j{Xu6juvmTmonvywGs r[j{nDo 9,pzj{X[]£y{uvr[hsr[ n}@uvv]£s rmoy{]Tupik]:i
¡X]r
YAe cK 
$ ]  5




$ ]  5
S 6  G S  M G > u
5>]rm]v»UjlX[]`u}p]°s rmoy{]Tupik]:isj{i®y{uvr[hsr[$¡X]rsj®y{]oQ]Ty{ijln°uvv]:ijlXUu6j£uvyl]`mwXu}ywuvmojl]y{s ¾]T§hgºu
XspX¦ª6uvq[]nvFG S  ¨-WYX[]:ik]$\`qi~j§7]jlX]$u}p]Ti£jlXUu6jy{]oQ]yjln·u}p] Y$nvyu6j ]Tupi~j§7] nvr[·j{n·jlX[]i{u}\]¤¦]§-mnv\\ qr[s«j~gp¨5>]y{]§hg^u¤	]T§-monp\^\`q[r[sj~g`¡]\]Tuvr°uik]jn}¯¤¦]§$Uu}v]:i3jlXUu6ju ikq[ylQ]y
mTu}rºyl]:uvmwX-Qylnp\nvr[]cj{n$u}r[nvjlX[]Tysr·uyl]T u}jls ªv]Tg°il\$u} 8rDq\ §7]yn}zikjl]Ui¨
Æ@]ojcqi>rn6¡monvrUikstG]y>Qnvy{\ q[tu ot7:po¨£¹Fs y{ikjT»1¡]`il]]j{Xu6j£jlX]^Gs±1]y{]rm] §7]oj~¡]]rjlX[]^nvtu}rU




$ ]  5
S 6  8S_U*M   U'm ok 0:p
3ÓrUG]]:8»[sFj{X[stis r[]T©Dquvsj~g°X[np [ijlX[]Tr·jlX[] s r[-q[1[u}jl]§hg°uvv]nY ]Tup[ijln$X[s vX]y[y{nv§Uu}§[s sjls ]Ti
nvy{]TupmwX[s r[·u}p]*]¸Qylnp\(uvrDg	u}p]^jlXu}j Xuvi u·u6j{X	j{n4]ªhstuºu}p]JYv¨-WYXhqiT»Is r¦Qnvy{\ q[tu o;:p²»






  	 -IcF
 ) ) &
$I








  ÀhÄ  À    c S< 
 Tt& UF
& \G  /G+" &(Pr+%,  +\DK   & r8< 'P+ %:&m u(u u(m K  eY -C0   nA +/t  +	 "		
 +"  
 /S U	   UBPrE &_ n+/ >HN  R .
S&()   *+	/ a/&& /z,% 
" "t "r	
aq 
 > M Ye $ ]  $ ] S 6  
 S  z q
d. +/l /  &_r8&:Y m u(u u mY K  eY -n}
d. +\ )$+%,.-	+/r4h P+ %:Y
 q 
  U*M Y e $ ]  $ ]  S 6  S6 U 
 SVU	t 
E. +"t "D }R&_r8 &,Y m u(u u mY K  eDY - }
d. +\ )$+%,.-	+/r4h P+ %:>]B. t q:&m u(u u(m K  edY - q 
  M Y e $ ]  $ ]  S 6  
 S  a 
d. +/l /C*f&_  &:Y rmu u(u mY K  e Y -L}
d. +\ )$+%,.-	+/r4h P+ %: r MfK  edY
E
 SVU4 *t    +":  mP+/+ %:l   B. Pr+%,$I  P+ %:>]G c$WNY^H  Ä¯ÄJf  ¹Fs y{ikjT»I¡¥]\$u}p]^u·mwXuvr[v]^n}Yª6u}y{s uv§[] c W Y/[ g.Ye! Tjl»I¡s«j{X" GM Oºs r³j{X[]Qnvy{\ q u-Qnvyqgtc/juvi¥Qnv n6¡i qgtc/jW  !iRcH!W  !i YYAe# H!WNghY e# j   nqi gtH i j\u
WYX]r¯»3¡]°qil]$jlX[]yl]:iknpªp]rDj Æ@uvq[y{]rDj ik]Tyls ]Ti]o´Gu}rUiks nvrKQnpyjlX[]·b¸u}y{vn6ª	mwXu}s rv]Tr[]ywu6j{nvyLoOil]]
]p¨ U¨» = »WYX[]npyl]T\ 9[¨ÕG¨ 0/? p
qgtc/jW  qiRcH  WNg.YAe$ TjB  n!i gtH i Tj7 ! W`ghYAe# TjB Y &% e(' e 35$d6   $ ghi*Y'j $ ' $
  lm





$ ]  5
S 6   S  gtc/j i  > gtc/j M O
Qnpyu} c ikq °ms]Trpj{gmo npil]®j{nnvr[]p»[nvyY]T©Dq[s ª6u} ]rDjl gv»[Qnvyu} * °ilq °mos ]rDjl gmnDik]£jln¾T]y{n¨
YAe cK 
$ ]  5
S 6   S  glc\j i  , gtc\jWNYAe YK  $
]  5
S 6  + Y x  e(,TS  e#- g. j0/di ghYAe# j + Y x  e(, > e#- g. j0/
WNYAe YK 
$ ] 5
S 6  , S  i$, > iCx  e(- g1 Tj
ôQáFå¯ôüû
 	
 !"#$ %'&(*)+%,.-	+/ 7
eGsrm]
|S_UWNg , U U$i$,S_U"j [/xUcQnvyIW]J= 9/?Ù»G¡¥]XUuªv]
Y/e cK 
$ ]  5
S 6   S  glc\j.i > glc\jWyY/e YK  $
]  5
S 6  g0, , i
 S  x  j.i, , ix  e - g. jW`Y'ix   YAe YK  $
]  5
S 6  
|S   u
WYX]r¯»Gj{X[]monprGsjls nvr
YiCx   YAe YK  $
]  5
S 6  
 S   MfO
stiY]T©Dq[s ª6u} ]rDjYjln

 > M Yae YK 
$ ]  5
S 6  
 S  m
ils rmo]
 , W`Y\[/x  ¨>]o´hj®¡][y{n6ªv]cjlX] ik]:monpr·i~jwu6jl]T\]rDj>n}3j{X[]j{X[]npyl]T\º¨YWIn°[y{n6ªv]£jlX[]^ik]:monpr·i~jwu6jl]T\]rDjT»7s«j
stiY]rnvq[pX-j{n°ikX[n6¡SjlXu}j£_¥nvrGsjls nvr¸^s \^s ]Tij{Xu6jQnpyu`psªp]rn]ns & rmu u(u mK  e Ya-
c
K 
$ ]  5
S 6  8S_U'gtc\j i   U'glc\jaMfO




S 6  8SVU'glc\j i   U'glc\jW YK  $
]  5
S 6  + Y xrU e ,S_U e#- g. j0/ iFg.Y e# j + Y xrU e ,  U e#- g. j0/
W YK 
$ ]  5
S 6  ,TSVUi#,  UiGxrUAe(- g1 TjW YK  $
]  5
S 6 	 S 6 U g0,TS_Ui$,  UiGxrU'j}e YK  g0,U U$i",  U$iCxU"je(- g1 Tj
W YK 
$ ] 5
S 6  S6 U g0,U Ui 
 SVUxrUi$,U UAe#
  UxrUiCxU"j e YK  g.
  UxU$iCxU"je(- g1 Tj
W xrUK  VX
$ ]  5
S 6 	 S 6 U g1
  U$i 
|S_U$iFY'j}e g.
  U$iFY'j be e(- g1 Tj
WYX]£tu6jljl]Ty]o´G[y{]Ti{iks nvrs iY7npilsjls ªv]£Qnvyuv¯ilq °mos ]rDjl gil\$u} * U»s«$ ]  5
S 6 	 S 6 U g1













 > M 
   e Yv¨3WYX[] u}jh6j{]yM\]:u}riMjlXu}jMjlX[]®uªv]ywu}p]¥Uu6jlX°Qylnp\ uvv]>£j{nu}p]ikXnvq[t§U]®ikX[npykj{]yu}jM]:uvikj§hg`npr[]X[np
j{Xu}rºj{X[]uªv]Ty{uvv]>y{]oj{q[y{ru}jlXºQy{nv\uvv]cjln$sj{il]~¨_¥nprGsjls nvr¸^§U]:monv\]:i 
   M Yv»G¡X[stmwX·s iuv¡YugGiFjly{q[]v¨3WYX[stiMstizr[nvj¥ikqyl[y{stiks r[uviz¡]hr[n6¡½jlXu}j¥u}r°up[Gsjls nvrn}¯uilsr[p]>r[]¡ s r[^UnpsrDj{sr[













 °F  ) &¦&T-$% 8F)cI%
Æ@]ojFqi3ikX[n6¡Kj{Xu6jIjlX[]Tyl]]o´Gsti~jwi@s rOupm²j3u}r npGjls \$u}Ds r[hs r[®ikjlywu6j{]vgp¨F_¥nvrUikstG]y3uUu}v]AIW`Y'mu uum.B
uvr°upililq[\]j{Xu6j>IzXuvi¥ sr[Gijln`jlX[]£uvv]TiAI  m uuumhI $ ¡X[]Tyl]I  W I3QnvyYu}  WNY'mu uu mK1¨zWYX[]Tr$Qnvyj{X[] ¢£nhnvp]£\$u6jly{s´ bH»[¡]£XUuªv]




 6   S(Se YB g.Y$iCc/jkY5 [\^][,_\a`  U.Sm ok,p
¡X]y{]  SVU£s ijlX[]®\]Tu}r°¶y{ikj¥Uuvi{iluvv]Yjls \]>Qy{nv\ uvv]$IFj{n uvv]A]^u}rULcstiMj{X[]c¢£nhnpv ]>monpri~jwu}rDjT¨
WYX] nv§[|~]Tm²j{sªp] r[n6¡sti®jlnºmwX[nhnpil] K¸uvr<I  m uuu mhI $ ilqmwX¸j{Xu6j  S(S§7]Tmnv\]Ti£uvi£ik\$uv3uvi®UnDilils §[]uvr-mnvril]T©Dq[]TrDjl g x S WyY/[  S S §U]:monv\]:i¥upi¥tu}y{v]£uvi¥UnDilils §[]p¨z¹[y{nv\Po~T,pMnvr[]cmuvril]]j{Xu6j  S S s i





	SWU &  U.S -:u




 !"#$ %'&(*)+%,.-	+/ p
  ÀhÄ  À     n PTl  +"&& r\,%4 .+"  %aU$	+  SQP+ %:  q  +	/n/& UD/  %,/ %4& rPr/Tt %L 4+  S Pr+%,z J+n       n +/   Pr+\ +%,!l nhS+'











































= "?-^!L  :$	
	]S- <>)?# K )Q N	 S
	74%%#&%E5DWX	
	%' 8)+R$$8




	]S- <>)?# K )Q N	 S
	74%%#&%E5DWX	
	%' 8)+R$$8































= '? B*9J9<>9!G%.46	AF"	7	o~ 7:7} pb¸u}y{vn6ªC@>]:mostiks nvr xzylnGm]Ti{ik]:in@®s i{moy{]oj{]ºeDj{nhmwXUuvikjlstm4@®gDrUu}\s m
xMylnpvywu}\\sr[U»h¤s ]gp¨
= :/?£XDjljl  jlnhnv §u}y:¨ vnhnvp]p¨ mnv\ 
= T"?£XDjljl  6¡¡¡¨ il]Tuvy{mwX[]Tr[vs r[]T¡u}j{mwX¯¨ monp\ 
ôQáFå¯ôüû
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
